Computing project Part Il

Assignment 3

We canusethe samedefinitionsfor ¢ andp from the previousassignmentslI'he Hamiltonianis differentnow of course.

p2
In[55]:= H[p_, gq_, t_1:= >

+mgl (1-Cos[q])

Hip+eps, q, t]1-H[p, g, t]
eps

H[p, g+eps, t]1-H[p, g, t]
eps

q[p_v q_, eps_]l:=

p[p_v q_, eps_]:=-

Define constantgm, |, g) andinitial conditions:

In(58]:= m:=1;
| :=1;
g:=9.8,
I max : = 1000;
to :=0;
Jo : =1;
po : =0;
e:=.001;
dt : =.01;
In[67]:= T=Table[tyg, {i, 1, i max}];
Q=Table[qo, {i, 1, imax}];
P =Tabl e[po, {i, 1, imax}];
ml

In[70]:= Q[[1]]1=0.1; P[[1]] =0;

Make sureto usethe predictor—correctomethod andmakesuref=q takeson valuesbetween-r and.
Inf71]:= Do[T[[i 11 =T[[i -1]]+dt; predQ=Q[[i -1]]1+q[P[[i -1]1, Q[[i -1]], e] dt;
predP=P[[i -1]1]+p[P[[i -1]], Q[[i -11], e]dt;

QI 11 =Qr[i -111+ (QIPL[i -111, Q[[i -1]1, el +qG[predP, predQ e])/2dt;
PLLi 1] =PL[i -111+ (P[PL[i =111, Q[[i -1]], e] +p[predP, predQ e]) /2dt;

QILi 11 =Md[Q[[i]]l, 2Pi, -Pi];
, {i, 2, imax}]

In[72]:= EE=Table[H[P[[i1], QI[i11, TC[illl, {i, 1, imax}1;
Phasespaceplot:

In[73]:= ListPlot [Transpose[{Q P}1, Frame - True, AxesLabel - {"q", "p"}1;
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Thatlooksvery muchlike anharmonicoscillator,it's prettymuchanellipse.

m 2

Now with differentinitial conditions(therestis justcopy—pastdérom above).

In[74]:= Q[[1]1] =0; P[[1]] =1;

In(75]:= Do[T[[i1]=TI[[i -1]1+dt; predQ=Q[[i -1]11+q[P[[i -111, Q[[i -11], €] dt;
predP=P[[i =111 +p[PL[i -111, QI[i -1]1, e] dt;
QL[ 11 =QI[i =111+ (qIPL[i -111, Q[I[i -1]1, €] +q[predP, predQ e]) /2dt;
PL[i11=P[[i =111+ (P[PL[i =111, QI[i -11]1, el +p[predP, predQ e])/2dt;
QI[i 1] =Md[Q[[i]], 2Pi, -Pi];
, {i, 2, imax}]

In[76]:= ListPlot[Transpose[{Q P}], Frame -» True, AxesLabel - {"q", "p"}1;
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Still ellipse/harmonioscillatingbehavior.

m3
Increaseénitial momentum:
In[77]:= Q[[1]]1=0; P[[1]] =5;

In[78]:

DO[T[[i1]1=T[[i -1]1]+dt; predQ=Q[[i -1]1+q[P[[i -1]1, Q[[i -1]1, €] dt;
predP=P[[i -111 +p[P[[i -111, Q[[i -11], e]dt;

QI[i11=Q[[ -111+ (q[PLLi -111, QL[i -111, el +([predP, predQ e]) /2dt;
PI[i 1] =P[[i -1]11+ (PIPLI[i -111, Q[[i -11], €] +p[predP, predQ e])/2dt;
QI[i11=Md[Q[[i]], 2Pi, -Pi1l;

, {i, 2, imax}]

In[79]:= ListPlot[Transpose[{Q P}1, Frane » True, AxesLabel - {"q", "p"}1;
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This doesnotlook like a (perfect)ellipseanymore putit is still oscillatingbehavior.

m4
Increaseanitial momentunevenfurther:

In[80]:= Q[[1]]1=0; P[[1]1]=7;

In[81]:= Do[T[[i1]=T[[i -1]]+dt; predQ=Q[[i -1]11+q[P[[i -111, Q[[i -1]], e]dt;
predP=P[[i -111 +p[P[[i -111, QI[i -11], e]dt;
QI[i11=Q[[ -111+ (q[PLLi -111, QL[i -111, el +([predP, predQ e]) /2dt;
PL[i11=P[[i =111+ (P[PL[i =111, QI[i -11]1, el +p[predP, predQ e])/2dt;
QI[i 1] =Md[Q[[i]], 2Pi, -Pi];
, {i, 2, imax}]
In[82]:= ListPlot[Transpose[{Q P}], Frame -» True, AxesLabel - {"q", "p"}1;
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This is the secondype of motion:the masss goingroundin circlesin realspaceMomentumneverbecomesiegative.

m 4a

Now let’s try thatinitial momentunvalueof 6.26,which probablycorrespond$o thelimiting trajectory.

In[83]:= Q[[1]] =0; P[[1]] =6. 26;

I n[84] :

DO[T[[i1]1=T[[i -1]1]+dt; predQ=Q[[i -1]1+q[P[[i -1]1, Q[[i -1]1, €] dt;
predP=P[[i -111 +p[P[[i -111, Q[[i -11], e]dt;

QI[i11=Q[[ -111+ (q[PLLi -111, QL[i -111, el +([predP, predQ e]) /2dt;
PI[i 1] =P[[i -1]11+ (PIPLI[i -111, Q[[i -11], €] +p[predP, predQ e])/2dt;
QI[i11=Md[Q[[i]], 2Pi, -Pi1l;

, {i, 2, imax}]

In[85]:= ListPlot[Transpose[{Q P}1, Franme » True, AxesLabel - {"q", "p"}1;
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This is roughly the limiting trajectoryallright. Note thatthe momentunmbecomegapproximatelygeroat q=9=+/-r. Let's
(analytically)calculatethe correspondingnitial momentumwith Upmax = 2mg, E = p?/2m, E = Unax:

In[86]:= p==Sqrt [4m2(g]

Qut[86]= p = 6.26099

Due to numericalapproximationsve made(discretetime stepsfinite e in calculationof time derivatives) our transition
occursatavalueof p justbelowthe exactvalue.The following graphis evencloserto thelimiting trajectory;bothtypesof

motion seemto occur,which is unphysical of course anddemonstarteencemorethatwe aremaking(small) approxima
tionsin our numericalcalculation.

In[87]:= Q[[1]]1=0; P[[1]] = 6.25995;

I n[88]:

DO[T[[i1]1=T[[i -1]1] +dt; predQ=Q[[i -1]1+q[P[[i -1]1, Q[[i -1]1, €] dt;
predP=P[[i -111 +p[P[[i -111, Q[[i -11], e]dt;

QI[i11=Q[[ -111+ (q[PLLi -111, QL[i -111, el +([predP, predQ e]) /2dt;
PI[i 1] =P[[i -111+ (PIPL[i -111, Q[[i -11], €] +p[predP, predQ e])/2dt;
QI[i 1] =MdI[Q[[i 1], 2Pi, -Pi];

, {i, 2, imax}]

In[89]:= ListPlot[Transpose[{Q P}], Frane - True, AxeslLabel -» {"q", "p"}1;




